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Abstract - The object of this paper is to figure out the application of Meijer’s G- function in Circular Statistics, in particular, the 

derivation and evaluation of trigonometric moments. Here, the characteristic function and trigonometric moments of Stereographic 

Semicircular Half Logistic distribution are derived using Meijer’s G – function. Population characteristics of Stereographic Semicircular 

Half Logistic distribution are also evaluated applying trigonometric moments. 
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I. INTRODUCTION 

The Meijer G - function is a very general function which reduces to simpler special functions in many common cases. The probability 

density functions of products of independent beta, gamma and central gaussian random variables are shown to be Meijer G-functions.  

Stereographic Semicircular Half Logistic distribution (SSCHLD) over a semicircular segment in natural phenomenon is developed 

in [9]. The density, distribution and certain population characteristics are derived for the proposed semicircular model. The characteristic 

function of Stereographic Semicircular Half Logistic distribution is discussed and the first two trigonometric moments are figured out 

for proposed model. The concept of Meijer’s G-function is adopted to derive first two trigonometric moments of Stereographic 

Semicircular Half Logistic distribution.  

Program listing developed in MATLAB to draw graphs and compute population characteristics are included. 

II. LITERATURE SURVEY 

It is evident that Meijer’s G – function to distribution problems in Statistics is applied in [2]. Pishkoo and Darus in [7] established 

Meijer G-Functions as Solutions of Differential Equations in Physical Models. The generalized hypergeometric function as the 

Meijer G-function is presented in [3]. In [8] Qureshi contributed Generalizations and applications of Srinivasa Ramanujan’s integral 

associated with infinite Fourier sine transforms in terms of Meijer’s G-function. 

III. STEREOGRAPHIC SEMICIRCULAR HALF LOGISTIC DISTRIBUTION       

A random variable X on the real line is said to have a Half Logistic distribution with location parameter α and scale parameter 

0,   if the probability density function and probability distribution function of  X   are given respectively by 
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Then by applying modified inverse stereographic projection well-defined by a one-to-one mapping  𝑥 =  𝑣 tan (
𝜃

2
)   , 𝑣 ∈ 𝑅+, 

this leads to a semicircular model on unit semicircle. Stereographic Semicircular Half Logistic distribution is defined in [9] by applying 

inverse stereographic projection on respective linear model on the lines of [6] as follows 

 

Definition 3.1: 

 A random variable  SCX  on the semicircle is said to have the Stereographic Semicircular Half Logistic distribution with 

location parameter   scale parameter 0  denoted by SSCHLD ( , )  , if the probability density and the cumulative distribution 

functions are respectively given by  
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Hence the proposed new model SSCHLD ( , )   is a semicircular model. 

IV CHARACTERISTIC FUNCTION OF STEREOGRAPHIC SEMICIRCULAR HALF LOGISTIC DISTRIBUTION 

 

The characteristic function of a Semicircular model with probability density function  g  is defined as 𝜑𝑝(𝜃) =

∫ 𝑒𝑖𝑝𝜃𝑔(𝜃)𝑑𝜃  , 𝑝 ∈ 𝑍
𝜋

0
. The characteristic function of a Stereographic circular model can be derived in terms of respective linear model. 

In [4] Lukacs demonstrated the hypothesis connected with the characteristic function of linear model which is applied here on account 

of Stereographic semicircular models. On these lines the characteristic function of a Stereographic Semicircular model is proposed. 

 

Theorem 4.1:  If  G  and  g   are  the cdf and the pdf of  the Stereographic Semicircular model  and     andF x f x   are 

the cdf and the pdf of the respective linear model, then the characteristic function of Stereographic Semicircular model is 𝜑X𝑆𝐶
(𝑝) =

 𝜑
2tan−1(

𝑥

𝑣
)
(𝑝), 𝑝 ∈ 𝑍 

Analytical derivation of this integral is made possible by using the concept of Meijer’s G – function and first two trigonometric moments 

which play vital role in evaluation of population characteristics are obtained in terms of Meijer’s G – function and here MATLAB tools 

are employed to evaluate the values of the characteristic function. Making use of computed values, the graphs for real and imaginary 

parts of the characteristic function are plotted here.  

Meijer’s G-function: 
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is called as Meijer’s G-function [1], formula no. 

3.389.2). 

 

 

The characteristic function of Stereographic Semicircular Half Logistic Model is 
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The graphs of the characteristic function for various values of parameter are plotted here 
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Fig 1 Graph of characteristic function of Stereographic Semicircular Half Logistic Distribution for 0.5   

 

 
 

Fig 2 Graph of characteristic function of Stereographic Semicircular Half Logistic Distribution for 1.25   

 

 
 

V. TRIGONOMETRIC MOMENTS OF THE STEREOGRAPHIC SEMICIRCULAR HALF LOGISTIC DISTRIBUTION 

 

The trigonometric moments of the distribution are specified by  p : p 1, 2, 3,... ,     where 
p p p ,i    with 

p (cosp )E    and p (sin p )E    being the pth order cosine and sine moments of the random angle θ respectively.  

 

Theorem 5.1 With the probability density function of Stereographic Semicircular Half Logistic distribution with µ=0, the first two 

trigonometric moments are                

2
31

1 13
0

1

2 1 2
1 ( 1) (n 1)

1 12
,0,

2 2

n

n

n
G

 





 
  

      
   
 

 , 

2
31

1 13
0

0
2 1

( 1) (n 1) 1
2 0,0,

2

n

n

n
G

 





 
         

 

 , 

2 2
31 31

2 13 13
0

3 1

2 1 12 2
1 ( 1) (n 1)

1 1 1 12 2
,0, ,0,

2 2 2 2

n

n

n n
G G

  





    
         

           
                


, 

 

2 2
31 31

2 13 13
0

0 1
4 1 1

( 1) (n 1) 1 1
2 20,0, 0,0,

2 2

4
n

n

n n
G G

  





    
                        

     

 . 

The first and second trigonometric moments are enough for calculating population characteristics. 
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Proof:  
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Higher-order moments can be obtained similarly. 
             The formulae for population characteristics for circular distributions are available in [5]. These characteristics for the 

Stereographic Semicircular Half Logistic distribution are also figured out using their respective trigonometric moments and can be 

stated in terms of trigonometric moments   and p p which are presented here. 
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Table 1 Population Characteristics of SSCHLD 

 0.25   0.5   0.75   1.25   

Trigonometric Moments         

1  
0.7962 0.2571 0.1003 -0.1801 

2  
0.4310 -0.4301 -0.3403 -0.1897 

1  
0.3774 0.8297 0.7931 0.7390 

2  
0.4235 0.3395 0.0737 -0.2489 

Resultant Length     

1  
0.8811 0.8686 0.7994 0.7607 

2  
0.6042 0.5479 0.3482 0.3129 

Mean Direction     

0  
0.4426 1.2703 1.4450 1.8099 

Circular Variance     

0v
 

0.1189 0.1314 0.2006 0.2393 

Circular Standard Deviation     

0  

0.5032 0.5308 0.6692 0.7397 

1.0038 1.0969 1.4526 1.5243 

Central Trigonometric Moments     

*

1  
0.8811 0.8686 0.7994 0.7607 

*

2  
0.6007 0.5467 0.3479 0.2830 

*

1  
0 0 0 0 

*

2  -0.0655 -0.0367 0.0134 0.1337 

Skewness

0

1  
-1.5967 -0.7713 0.1491 1.1416 

Kurtosis 

0

2  
-0.1408 -1.3058 -1.5006 -0.9052 

 

VI. PROGRAM LISTINGS  

 

MATLAB tools are employed for developing programs for graphs and computations and code for respective work are presented 

here. 

 

6.1 Program for graph of characteristic function of Stereographic Semicircular Half Logistic Distribution 

 

a=0.2606;%input('enter the value of a ='); 

th=linspace(0,pi-a,24); 

h=pi/24; sig=1.25;%input('enter the value of sigma =');% o.2; 

f=(1/sig).*((sec(th/2))).^2.*(1+exp(-(tan(th/2)/sig))).^-2.*exp(-(tan(th/2)/sig)); 

c=[1 5 1 6 1 5 1]; C1=zeros(1,24); S1=zeros(1,24); 

for p=0:23 

    yc=cos(p.*th).*f;  ys=sin(p.*th).*f; 

    s1=0;  s2=0; 

    k=p+1; 

    for m=1:4 

        for i=1:6 

             s1=s1+c(i)*yc(6*(m-1)+i);  s2=s2+c(i)*ys(6*(m-1)+i); 

        end 

    end 

    s1;s2; 

re=(3*h/10)*s1; 

im=(3*h/10)*s2; 

C1(k)=re; S1(k)=im; 

end 

C1;S1; 

phi=C1+1i.*S1 

p=0:23; 

plot(p,real(phi),'-*g') 
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hold on 

plot(p,imag(phi),'-*m') 

ylabel('\phi') 

legend('\sigma=1.25, real(\phi)','imag(\phi)') 

title('Characteristic Function of Stereographic Semicircular Half Logistic Distribution') 

xlabel('p') 

 

6.2 Program for Population Characteristics of Stereographic Semicircular Half Logistic Distribution 

 

a=0.187;%input('enter the value of a ='); 

th=linspace(0+a,pi-a,24); 

h=pi/24; sig=1.25 %input('enter the value of sigma ='); 

f=(1/sig).*((sec(th/2))).^2.*(1+exp(-(tan(th/2)/sig))).^-2.*exp(-(tan(th/2)/sig)); 

c=[1 5 1 6 1 5 1]; C1=zeros(1,24); S1=zeros(1,24); 

for p=0:23 

    yc=cos(p.*th).*f;  ys=sin(p.*th).*f; 

    s1=0; s2=0; 

    k=p+1; 

    for m=1:4 

        for i=1:6 

             s1=s1+c(i)*yc(6*(m-1)+i);  s2=s2+c(i)*ys(6*(m-1)+i); 

        end 

    end 

    s1; s2; 

re=(3*h/10)*s1; im=(3*h/10)*s2; 

C1(k)=re; S1(k)=im; 

end 

C1; S1; 

phi=C1+1i.*S1; 

phi(1) 

alpha=[real(phi(2)),real(phi(3))] 

beta=[imag(phi(2)),imag(phi(3))] 

[mu,rho1,v0,sig0,gamma1,gamma2]=circpropnew(alpha,beta) 

CIRCPROPNEW 

function[mu,rho1,v0,sig0,gamma1,gamma2]=circpropnew(alpha,beta) 

rho=sqrt((beta(1)).^2+(alpha(1)).^2); 

rho; 

for i=1:2 

   if beta(i)>=0 && alpha(i)>0 

          mu(i)=atan(beta(i)/alpha(i)); 

   end 

   if alpha(i)<0 

          mu(i)=atan(beta(i)/alpha(i))+pi; 

   end 

   if beta(i)<0 && alpha(i)>=0 

          mu(i)=atan(beta(i)/alpha(i))+2*pi; 

   end 

   if beta(i)>0 && alpha(i)==0 

          mu(i)=pi/2;       

   end         

end  

fprintf('Mean Direction ='); 

   mu 

fprintf('Resultant Length ='); 

rho1=sqrt((beta).^2+(alpha).^2) 

p=1:2; 

fprintf('Central Trignometric Moments alpha1 & alpha2: \n') 

    p=1:2; 

alphag(p)=rho1.*cos(mu-p*mu(1)) 

fprintf('Central Trignometric Moments beta1 & beta2: \n') 

betag(p)=rho1.*sin(mu-p*mu(1)) 

fprintf('circular variance ='); 

v0=1-rho1(1) %circular variance; 

fprintf('circular standard deviation ='); 

sig0=sqrt(abs(log(1./((rho1).^2))))% circular standard deviation; 

fprintf('skewness ='); 

gamma1=(betag(2))./(v0.^(3/2))% skewness; 

fprintf('kurtosis ='); 

gamma2=(alphag(2)-((1-v0).^4))./(v0.^2) %kurtosis; 
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VII.  CONCLUSIONS 

The application of Meijer’s G- function in Circular Statistics is employed in the derivation and evaluation of characteristic function 

and trigonometric moments of Stereographic Semicircular Half Logistic distribution. Using first two trigonometric moments, population 

characteristics of Stereographic Semicircular Half Logistic distribution are also evaluated. 
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