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Abstract:- In this paper, We study a new family of mappings on [0, +=°) by relaxing the non-decreasing
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Introduction and Preliminaries

The fixed point theory has been continuously studied by many researchers since 1922 with the collaboration
of Banach fixed point theorem. Fixed point theorems are very important tools for proving the existence and
uniqueness of the solutions to various mathematical models. It can be applied to, for example, variational
inequalities, optimization, and approximation theory.. It is well known that the contractive-type conditions are
very indispensable in the study of fixed point theory. The first important result on fixed points for contractive-
type mappings was the well-known Banach-Caccioppoli theorem which was published in 1922 . Later in 1968,
Kannan studied a new type of contractive mappings. Since then, there have been many results related to
mappings satisfying various types of contractive inequalities and references contained therein.

Samet et al. gives a new category of contractive-type mappings known as -2 contractive - type
mappings. The results obtained by Samet et al. extended and generalized the existing fixed point results in
the literature, in particular the Banach contraction principle. Salimi et al. and Karapinar and Samet
generalized the B2 contractive-type mappings and obtained various fixed point theorems for this contractive
mappings .

Most of papers have considered the B-2 contractive-type mapping for a nondecreasing mapping & : [0, +oo)
- [0, +o°) With Zusi ¥"(t) < oo for all B € (0, +o0). The convergence of

Yo v"(®) and nondecreasing condition for @ are restrictive and it is a fact that such a mapping is
differentiable almost everywhere and hence continuous why was one of our aims to write this paper in order
to consider a family of mappings @ : [0, +e2) = [0, +°°) by relaxing nondecreasing condition and the
convergence of the series
21 ¥"(1), This paper is inspired and motivated by research works, we will introduce a new family of mappings
on [0, +==) and prove the fixed-point theorems for mappings using properties of this new family in complete
metric spaces. By applying our obtained results, we also assure the fixed point theorems in partially ordered
complete metric spaces and give the applications to ordinary differential equations.

In the rest of the paper, we introduce some notations and definitions that will be used .

Definition (1): - Let@: @ > B and let@: & x & - [0, +o=). We say that @ is E-admissible if, for all @, B €,
B(E, @) > 1 implies B(ER, ER) > 1.

In 2012, Samet et al. introduced the concept of B-Eicontractive-type mappings, where eW,and W,
={@:0: [0, +o=)-> [0, +°=) is nondecreasing with lim n=1to co X P (B) < oo, VR E(0, +o°) }.
Lemma (2):- - Suppose that @ : [0, +e=) - [0, +=). If & is nondecreasing, then for each €(0,

+00), limp 5 2(3) = 0 implies that B(R) < B.

Definition(3):- Let (&, @) be a metric space and let @ : @ - & be a mapping. We say that @ is an @-E-contractive
mapping if there exist two functions @ : @ x @ - [0, +o=) and : [0, +22) = [0, +o=) Where
€ W, such that

(3,) B (B3, BB) < B (B (8, @), (2) for all @, B €E.
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The authors assured the existence of the fixed point theorems for the mentioned mappings satisfying

Fladmissibility in the complete metric spaces.
Recently, Salimi et al. modified the concept of @-admissibility.

Definition (4): -. Let@:@ > Rand &, B : @ x @ - [0, +o). We say that @ is B-admissible with respect to @ if,
for all @, B €, B(E, B) > B(E, @) implies B(EE, @) > B(EE, 2E).

Remark (5):- If we suppose that B(@, &) = 1, for all &, @ €0,

Definition (6):- Let T: X —» X and leta.: X x X — [ 0, 00 ] . We say that T is o — admissible if , for all x,y €
X,o0(x,y)>11impliesa ( Tx, Ty )>1.

Salimi et al. proved the existence of fixed point theorems for generalized E--contractive-type mappings
where B € W,. They also assure the fixed point theorems generalized B-Z-contractive-type mappings where &l is
a nondecreasing continuous mapping and &(0) = 0.

In this work, we will introduce a new family of mappings on [0, +e°) without assuming the nondecreasing
condition for @ and prove the fixed point theorems for E-E-contractivetype mappings using properties of this
new family in complete metric spaces. We will use our result to obtain fixed point results in partially ordered
complete metric spaces and to give an application to nonlinear differential equations.

Main Results
We now introduce a new family W, of mappings and prove the existence of fixed point results for @-@-
contractive-type mappings where & € W,.
Denote by W, the family of mappings @ : [0, +o°) = [0, +°°) such that

(iy Bisan upper semicontinuous mapping from the right;
(i) B(@) <@ forall @€ (0, +e=); (iii) E(0) = 0.

Remark (7):- Since every nondecreasing mapping is differentiable almost everywhere, we observe that
nondecreasing condition is closed to continuity and it is restrictive.

Example (8):-- The floor function B(@) = |®] is upper semicontinuous function from the right and
nondecreasing but is not continuous.

Theorem(9):- Let (7, @) be a complete metric space and @ € W,. Suppose that@:@->RFlisa mapping satisfying
the following conditions:

(i) is B-admissible with respect to ;

(iiy if B,@€eR@andQ(E, @) > B(E, @), then B(EE, EE) < B(F(E, @));

(ili)  there exists o €@ such that B(Elo, ko) = B(Elo, BlZ);

(iv) is continuous or if {Bz} is a sequence in & such that B(Rl, Ba+1) = B(Es, Bleva) for all €N and Bz >
€Ras @ - oo, and then BB, &) > BI(Fs, ) for all @ €N.
Then, & has a fixed point.

Proof:- Since B €R, there exists B, such that &, = B, Therefore, we can construct the sequence {Bz} in & such
that Fes1 = BlEa, €N.

If Blav1 = B, for some B € N, then @ has a fixed point. Assume that Bl # s, for all @ € N. Since B(Flo, 1) = BI(Fo,
BIRl) > B(Elo, BRlo) and & is E-admissible with respect to @, we obtain that

(Bh, B) = B (B, BF:) = & (B, BIFh) = B (B X3)

By continuing the process as above, we have
(Bla, Blaw1) 2 B (Blg, Bav1) , VE EN.

Applying (ii), we obtain that

(, +1) = (_1, ) < ( (_1, )) , for
all @ eN. Since B(2) < & for all @ € (0, +o=), we
have

(B, Bav1) < B (B (Be-1, Ba)) < @ (Ba-1, Ba) ,
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for all @ €N. Therefore, {B(Es, Fz+1)} is @ nonincreasing sequence. It follows that there exists > 0 such that
lim B (B, Ba+1) = €
]’]—)OO

We will prove that @I = 0. Suppose that B > 0. Since & is upper semicontinuous from the right using , we have
= lim sup (, +1)
T]—)OO

< lim sup ¥ (d (xn-3, xn)) <€) <,

which is a contradiction. Therefore,

lim d (xn, @a+1) = 0.

T]—)OO

This implies that for each k € N, there exists nx € N such that

1
d (xnk, Xnk+ 1) < py

We obtain

that

Z?{o:l d (Xn, Xn+1) < oo,

Therefore, {xnx} is a Cauchy sequence and so converges to some x € X. By continuity of T, we have
lim xnk+1 = lim Txnk = Tx.

Tl—)OO T‘]—)OO

This implies that x is a fixed point of T. On the other hand, since

a (Xnk, Xnk+1) 21 (xnk, xni+1) , V k € N and {xn} converges to x, we obtain that

a(xnk,x)2n(xnk, x), VkEN.
Using (ii), for each k € N, we have

d(Tx, x) <d (Tx, Txnk) + d (Txnk, x)
<Y (d (xnk, x)) + d (xnk+1, x) .

Since v is upper semicontinuous from the right, we obtain that
lim sup ¥ (d (xnk, x)) < (0) = 0.
k> oo
By taking the limit as k - o, this yields d(Tx, x) = 0 and hence Tx = x.

Theorem(10):- Suppose all hypotheses of Theorem (9) hold.

Assume that, for all x, y € X, there exists z € X such that a(x, z) 2 n(x, z) and a(y, z) 2 n(y, z). Then, T has a
unique fixed point.

Proof:- Assume that x and y are two fixed points of T. This implies that there exists z € X such that
a(x, z)2n(x, z), a(y, z)znl(y, z).
Since T is a-admissible with respect to n, for each n € N, we obtain that

a(x, Tz)2n (x, T"z), al(y, Tz)zn (y, Trz) .
It follows that
d(x, Tn*1z) =d (Tx, T"*1z) <y (d (x, T"z)) < d (x, T"z) .

Therefore, {d(x, T"z)} is a nonincreasing sequence and then converges to some c € R. We will show that ¢ = 0.
Suppose that ¢ > 0. Since ¥ is upper semicontinuous from the right, we have
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c=limsupd (x, T*'z)< limsup ¥ (d (x, T"z)) <y (c) < c,
n-> oo n -y oo

which is a contradiction. It follows that limd (x, T"z) =0,

n—)OO

Similarly, by the same argument, we can prove thatlimd (y, Tz ) =0
T]—)OO

Since the limit of the sequence is unique, we have x = y.

Applying Theorems (9) and (10), we immediately obtain the following result.

Corollary(11):- Let (X, d) be acomplete metric space and 1 € W,. Suppose that T : X = X is an a-y-contractive
mapping satisfying the following conditions:
(iy T is a-admissible;
(i) there exists xo € X such that a(xo, Txo) 2 1;
(iii) T is continuous or if {x»} is a sequence in X such that
a (xn, xns1) 21 forallneNand xn > x € X asn > oo, and then a (xn, x) 21
foralln € N;
(iv) for all x, y € X, there exists z € X such that « (x, z) 21 and a (y, z) 2 1.

Then, T has a unique fixed point.
Bhaskar and Lakshmikantham introduced the definition of coupled fixed points.
Definition (11):- Let F: X x X - X be a given mapping. We say that (x, y) € X x X is a coupled fixed point of
Fif
F(x,y)=x, F(y,x)=y.
Remark (12):- Let F : X x X - X be a given mapping. Define the mapping T : X x X > X x X
by T(x,y)=(F(x,y),F(yx) V (x,y)eXxX.
Therefore, (x, y) is a coupled fixed point of F if and only if (x, y) is a fixed point of T
Theorem (13):- Let (X, d) be a complete metric space and F : X x X - X be a given mapping.
Suppose that there exist 1 € W, and a function a : X2 x X? - [0, +o) such that
a(lx,y), (w V) d(F(x,y),F(uV)
_1 Y (d(x,u)+d(y,V)), forall (x,y) eX
)
Suppose that,
@y forall(x,y),(uV)eEXxX,onehas a((x,y),(u V)21
implies a ((F (x, y), F (y, x)), (F (w, V), F (V, u))) 2 1;
(i) there exists (xo, yo) € X x X such that

a ((xo, yo) , (F (xo, yo) , F (yo, x0))) 2 1,
a ((F (yo, xo) , F (xo, ¥0)) , (o, X0)) 2 1;

(iii) F is continuous.
Then, F has a coupled fixed point.

Theorem(14):- Let (X, d) be a complete metric space and F : X x X->X be a given mapping. Suppose that
there exist

Y € Wyand a function a : X?x X? - [0, +e°) such that

a((x,y), @) d(F (x,y),F@v) <5 9(deu+dyv),
forall (x,y), (u,v) € X x X. Suppose that,
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(i) forall (x,y), (u,v) € X x X, we have

a(lx,y),(u,v)) 21
= a((F(xy), F(y,x),(Fuv)F(V,u))=21

(i) there exists (xo, yo) € X x X such
that a ((xo, yo) , (F (xo, Yo) ,
F (yo, x0))) 2 1,

a ((F (yo, x0) , F (x0, ¥0)) , (¥o, x0)) 2 1;

(iii) if {xn} and {yn} are sequences in X
such that

@ ((xn, Yn) , (Xn+1, yna1)) 2 1,
a ((yn+1, Xn+1) , (yn, Xn)) >1,

Xn>X€EX, yYn>YVE€X asn- oo,

then
o ((Xn, yn), (X, y)) > 1,a ((y, X), (yn, Xn)) >1

Then, F has a coupled fixed point.

Theorem(14):- Suppose that all hypotheses of Theorem 17 (resp., Theorem 18) hold. Assume that, for all (x,
y), (u,v) € X x X, there exists (z1, z2) € X x X such that

al(x, y), (z1, 22)) 21, a ((z2, z1), (v, x)) 21, a ((w, v), (21, 22)) 2 1, @ ((z2, Z1), (v, u)) 2 1.

Then, F has a unique coupled fixed point.

Consequences:-

We now prove the fixed point theorems in complete metric spaces and partially ordered complete metric spaces
using our obtained results.

Theorem(15):- Let (X, d) be a complete metric space and T : X - X be a mapping satisfying
d(Tx,Ty)< kd(x,y), forallx,y€X, wherek€]0,1).
Then, T has a unique fixed point.
Proof. Let @, n: X x X > [0, +o=) be mappings defined by
a(x,y)=1, nix,y)=1 Vx,yeX.

It follows that T is a-admissible with respect to n. Suppose that i : [0, +o°) = [0, +o°) defined by Y(t) = kt
for all t € [0, +o=). This implies that i is upper semicontinuous from the right, y(t) < t for all t € (0, +<=) and
(0) = 0. Further, we can see that all assumptions in Theorem (10) are now satisfied. This completes the proof.
Theorem(16):- Let (X, <) be a partially ordered set and suppose that there exists a metric d-> Xbea
continuous and non-decreasing mapping with respect to <. Assume that the following conditions hold:

(i) thereexists k € [0, 1) d(Tx, Ty) < k(d(x, y)) forall X,y € X. Withx<y;

(ii) there exists xo € X such that xo <X Txo;
(iii) T is continuous. in X such that the metric space (X, d) is complete.

LetT: X Then, T has a fixed point.
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Proof:- Suppose that a, n : X x X = [0, +oo) are mappings defined by

a(X,y)={1 ifx<yand 0, otherwise }

n(x, y)={ % ,if x < yand 2, otherwise }

Let x, y € X such that a(x, y) 2 n(x, y). This implies that x < y. Since T is non-decreasing with respect to <,
we obtain that Tx < T'y. Therefore, a(Tx, Ty) 2 n(Tx, Ty). It follows that T is a-admissible with respect to 7.
Define a mapping y : [0, +oo) = [0, +o=) defined by y(t) = kt for all t € [0, +o). We can see that ¢ € W,. For
each x, y € X with

a(x, y) 2n(x, y), we obtain that x < y and this yields

d(Tx, Ty)<k(d(x,y) = (d (x,y)).

By using (ii), we have a(xo, Txo) 2 n(xo, Txo). Hence, all assumptions in Theorem(9) are now satisfied. Thus,
we obtain the desired result.

Theorem(17):- Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that the
metric space (X, d) is complete. Let T : X - X be a nondecreasing mapping with respect to <. Assume that the
following conditions hold:

(i) there exists k € [0, 1) such that d(Tx, Ty) < k(d(x, y)) for all x, y € X with x < y;
(i) there exists xo € X such that xo < Txo;

(iii) 1f {xn} is @ non-decreasing sequence in X such that x, > x asn - oo,
then x» < x for all n € N.
Then, T has a fixed point.

Proof:- Suppose that @, n: X x X - [0, +eo) and ¢ : [0, +o=) -> [0, +o=) are mappings defined as in the proof of
Theorem(16). Assume that {xx»} is a sequence in X such that
a(xn, Xn+1) 2 N(xn, xn+1) foralln € Nand x, = x € X asn = o=.This implies that x» < xn.1for all n € N. Using
(iii), this yield x» < x for all n € N. Therefore, a(xn, x) 2 n(xxs, x) for all
n € N. Hence, all assumptions in Theorem(9) are now satisfied.
Thus, we obtain the desired result.

Applications to Ordinary Differential Equations:-

The following ordinary differential equation is taken from Samet et al. Denote by C([0, 1]) the set of all
continuous functions defined on [0, 1] and let d : C([0, 1]) x C([O, 1]) = R be dx,y)= |Ix—Vylle =
max | x(t) —y(t) I, foreveryte[0, 1]

It is well known that (C([0, 1]), d) is a complete metric space. Let us consider the two-point boundary value
problem of the second-order differential equation:

-— = f(tx()), te[0,1], x(0)=x(1)=0,
where f: [0, 1] x R = R is continuous. The Green function is defined by

G(t,s)={t(1l-s), 0<t<s<1; or s(l-t), 0<s<t<1.}
Assume that the following conditions hold:

(i) there exists a function ¢: R> > R such that, forall t € [0, 1], forallte[ 0, 1],
forall a, b € Rwith ¢ (a, b) 20, we have

If(t,a)—f(t,b) | <8y (maxla—bl,foralla,beR, & ¢(a,b)>0), where yp € Wy;
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(ii) there exists xo € C ([0, 1]) such that, for all t € [0, 1], we have

d)(xo(t),folG(t,s)f(s,xo(s))ds)zo,

(iii) for all t € [0, 1], for all x, y € C ([0, 1]), ¢ ( X(t), y(t) ) >0 implies

O ([ Gts)f(sx())ds, [, Gts)f(s, y(s))ds ) 20;

(iv) if {xx} is a sequence in C ([0, 1]) such that x» - x € C([0, 1]) and ¢(xn, xn+1) 2 0, for all n € N, then

¢(xn, x) 20 forall n € N.

We now prove that existence of a solution of the mentioned second-order differential equation. The idea of

proving the following theorem is taken from theorem(9) but is slightly different.

Theorem(18):- Under assumptions (i) — (iv), we have a solution in C%([0, 1]).

Proof:- It is well known that x € C?([0, 1]) is a solution which is equivalent to x € C([0, 1]) is a solution of

the integral equation.
X(t) = fol G(t,s) f(s, x(s)) ds, foreveryte]|O0,1].
Let T: C([0, 1]) = C([0, 1]) be a mapping defined by
Tx(t) = fol G(t,s) f(s,x(s)) ds,Vte[0,1]

Suppose that x, y € C([0, 1]) such that ¢(x(t), y(t)) = 0 for all t € [0, 1]. By applying (i), we obtain that

I Tx(t) = Ty(t) I =1 fol G(ts )[f (s,x(s)) —f ( s,y(s))]ds I

< fol G(t,s)lI f(s, X(s)) —f (s,y(s)) Ids

<8( [5G (ts)ds (p (Ix—yll))
S8(sup.f016(t,s)ds, Vel[0, 1) (¢ (IIx— yll.))

1 2
Since f G (t,s)ds = —t;+ %, Vv €[0,1]), we have
0

1
Sup f G (t,s)ds =7, Ve[01]), If follow that
0

HNTX=Tylle <P (I x—ylls),
For each x,y € C ([0,1]), such that ®( x(t), y(t) ) = 0 for all t € [0,1].

Let a,n: C([0,1] xC([0,1] ) = [ O, o= ] be mappings defined by
a(x,y)={1, d(x(t), y(t)=0, te[0,1]; orO, otherwise, }
nix,y)= {%, &(x(t), y(t))20,te[0,1]; or2, otherwise. }

Let x, y € C( [0, 1] ) s.t. a(x, ¥) = n(x, y).This implies that ¢(x(t), y(t)) = 0 for all t € [0, 1]. Therefore,
Further, if x, y € C([0, 1]) such that a(x, y) = n(x, y), then by using (iii), we have
¢ (Tx(t), Ty (t) 20
and this yields a (Tx, Ty) 2n (Tx, Ty).
It follows that T' is a-admissible with respect to n. By (ii), there exists xo € C ([0, 1]) such that

a (xo, Txo) 2 1 (x0, Tx0).

Applying Theorem (9), we obtain that T has a fixed point in C([O, 1]).
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Conclusion:- In this paper, we prove some applications of fixed point theorem’s with respect to a non-linear
differential equations.
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